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Lecture 6. NFAs vs. DFAs

Kozen - Section 6

Last Time: Nondeterministic Finite Automata (NFAs)

Today: NFAs are no more computationally powerful than DFAs.

Theorem: Let N be an NFA. Then L(N) is regular.

(Since all DFAs are basically NFAs, = DFAs and NFAs have equivalent computational power.)

Proof strategy: Given an NFA, convert in to a DFA.

Fun With A

Recall: A:Q x ¥ — 29,
Intuition: A(g,a) = “What states can we get to from ¢ after reading a?

A(A,z) = “What states can we get to from some state in A after reading x?
e A(Ae)=A
o A(A, za) = Ugeaa,r) Algsa) for z € X%, a € 3.

Exercise for today: Compute A(A, xza) for an example.

Example: At least 1 a.

o A({1},a) = A({1},a) = {2}
o A({1},0) = A({1},6) = {1,2}
e A({1},aa) = A({2},a) =0
o A({1},ab) = A({2},) = {2}
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A(
({1},ba) = A({1,2},a) = {2}
A({1},bb) = A({1,2},b) = {1,2}
o A({1},aaa) = A(,a) =0
A({1}, aab) = A(D,b) = 0
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Set up subset DFA.

To evaluate A(A, z): run DFA on z.

Conclusion: This DFA simulates the NFA!

Given string z, how could I see if NFA accepts it?

Simulate NFA starting in start states, see if I end up in a set containing a final state.

We've constructed a DFA capable of simulating an NFA!



The Subset DFA
Given an NFA N = (QN7Z,AN,SN7FN).

Goal: Construct a DFA M such that L(N) = L(M)

M = (Qwm, %, 00, $m, Fir)
e Qn = 20N _ get of all subsets of states of N.
(How many states for an NFA with k states?)

e Same alphabet X.
[ ] (S]\/[(A,a) = AN(A, a)

sy = Sy (Start simulating from the set of start states.)
Fy={AcQu|ANFyN # 0} (See if I end up in a set containing a final state.)
Define 05/(A, z):

° SM(A,E) =A

o dnr(A,za) = 6r (0 (A, 2),a)
Lemma: Ay (A, z) = 6y (A, ).
Proof: (Structural Induction)
Base case: 0p1(A,e) = A = Ay(A,e) (Definitions of 4y, Ay.)
Inductive case: Assume z = ya for y € ¥*, a € X.

S (A, ya) = 61 (6a1(A, ), a) (Def. of 6.

= 60 (An(A,y),a) (Inductive hypothesis)

= AN(AN(A,y),a) (Def. of 85)

= Uy can(An(ay)c) AN(g;a) (Def. of A)

= Uyean(ay An(g,a) (Def. of A)

= An(4,ya) (Def. of A) O
Theorem: L(M) = L(N)

z e L(M) < 6p(S,2) € Fu

& ou(S,2)NEy #£0

& An(S,z)NFy #0

<z € L(N)



