
CS271: Automata and Computation Theory Spring 2015

Problem Set #2
Due: Monday, March 2, 2014

Problem 1 Give a CFG that generates each of the following languages. For each variable
in your CFG, describe the set of strings generated by that variable.

a. taibjck | i “ j or j “ ku

b. tx1#y1#x2#y2# ¨ ¨ ¨#xn#yn | n ą 0 and xR
i is a substring of yi for each iu where

xi, yi P ta, b, cu
˚. [Hint: yi “ ta, b, cu˚xR

i ta, b, cu
˚. Let one variable generate

ta, b, cu˚, let another generate x#y where xR is a substring of y.]

Problem 2 Prove that every regular language is context-free by using the fact that CFLs
are closed under union, concatenation, and Kleene star and that every regular language
is generated by a regular expression. [Hint: There are 6 cases to consider.]

Problem 3 We proved that the language taibjck | if i “ 1, then j “ ku is not regular. Show
that it is context-free by using closure properties of CFLs to construct it from simpler
languages.

Problem 4 Convert the following CFG into CNF. You may use either the procedure in the
book or the procedure discussed in class. Show each step.

S Ñ TST | T | ε

T Ñ aTb | ε

Problem 5 Prove that the class of context-free languages is closed under reversal. [Hint:
Consider a CFG in CNF and use induction on the length of the strings.]

Problem 6 Prove that the class of context-free languages is closed under homormophism.
[Hint: To simplify the notation, consider a CFG that’s in CNF and construct one that
isn’t necessarily in CNF.]

Problem 7 Use the result from Problem 6 to show that L “ tanbncndn | n ě 0u is not
context-free.

Problem 8 Prove that the following CFG generates the language

txy | x, y P Σ˚, |x| “ |y|, and x ‰ yu.
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S Ñ AB | BA

AÑ XAX | a

B Ñ XBX | b

X Ñ a | b

[Hint: Consider m applications of the rule A Ñ XAX and n applications of the rule
B Ñ XBX in the derivation of a string and note that each instance of an X gives you
a single terminal. So

S ñ AB
˚
ñ XmaXmB

˚
ñ XmaXmXnbXn

where
X i
“ XX ¨ ¨ ¨X

loooomoooon

i

.

All strings derived from the rightmost expression have length 2pm`n`1q. Now divide
such a string into two m`n`1 parts and show that the two parts differ in at least one
position. There’s a similar argument when the first step in the derivation is S ñ BA.]

Problem 9 We have used the fact that a CFG in CNF derives a string w of length |w| “
n ą 0 in exactly 2n´ 1 steps. Prove this fact.

Problem 10 Show that the language tw | w has an equal number of as, bs, and csu is not
context-free. [Hint: The pumping lemma for CFLs is not the easiest way to do this.]
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